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PREFACE 
The earlier progress reports( l, Z) presented some essentials 
of model representation and a summary of some elastic solutions as 
preliminary material for viscoelastic analyses of solid propellants 
under various loading conditions. The present report is a continuation 
of the above with a brief section on T hermal Distributions, a section 
called Engineering Analysis, and one on Failure Criteria. The thermal 
distributions, obtained from heat transfer theory, are required for the 
thermoelastic formulations of section II(Z) . T he Engineering Analysis 
section includes several varied examples to assist in understanding the 
analysis techniques presented in the other sections. The final section 
relates to mechanical failure of propellants and pre sents some prelim-
inary thoughts as to how the study of this important problem area will 
be conducted. 
Notation used throughout this report is defined wi thin each 
section whe re used or consistent with that used in the previous reports 
and hence defined t h e r e. 
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III. TEMPERATURE DISTRIBUTIONS 
The thermal stress solutions given in the previous progress 
report(Z) require knowledge of the temperature distributions. Tem-
perature changes in propellants are due almost exclusively to heat 
conduction and the (exothermic or endothermic) reactions during 
curing. Temperature change due only to straining is inconsequential, 
whereas radiation during long space flights may be more detrimental 
to the chemi cal composition of the propellant than in heating. At any 
rate, we shall first consider temperature distributions from the heat 
conduction equations reviewed in this section. Then the stresses and 
strains can be determined from equations presented in section II of 
the earlier report(Z). 
While temperature distributi ons are generally transi ent in 
nature, the stresses and strains can usually be calculated, assuming 
the temperature distribution is pseudo- static, and creating instanta-
neous thermoelastic strains. Thus, as the temperature varies with 
time and space0 we have thermal strains which also are time a nd 
space dependent. It was shown by Biot( 3) that the time effects in both 
the viscoelastic propellant and in the temperature can be included 
simultaneously in a precise w ay. T his will be demonstrated in later 
articles through presentations of example s. 
Particular mention is mad e of the Rohm and Haas a rticles(4 ) 
which include the thermoelastic strain formulations due both to heat 
transfer and curing reactions. In addition, incremental radial and 
axial casting are compared with the single casting procedure. 
Exotherms h ave been calculated by Nichols et a l (S, 6 ), using a pro-
gramed numerical integration of the hea t conduction equations 
containing the chemical heat release term. 
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IV. ENGINEERING ANALYSIS 
This section includes several examples to indicate the proce-
dures for solving various types of problems arising in the stress and 
strain analyses of solid propellant grains under various loading con-
ditions. In order to demonstrate the analysis procedure, the examples 
chosen are purposely presented in simpler forms than that w hich might 
be required for realistic grain analyses . First, only the simplest of 
viscoelastic models are shown; second, the propellant is assumed 
incompressible, thus reducing the algebra considerably. 
The first three examples demonstrate the use of the analogy 
between the viscoelastic and elastic states and deal with internal pres-
surization, thermal loading and gravity loading. 
T h e s econd group of three examples in this section covers 
elastic analyses of grains bonded to cas es. The first in this latter 
group covers the relative effects of case and propellant moduli upon 
each other and the possibilities of designing thinner cases. The second 
example covers multi-layered cylinders, e. g. grain, liner and case, 
under inte rnal pressure and in parti cular is applied to the grain with 
thin liner and thin case. 
The final example has been included to illustrate an approximate 
method of analysis currently under extensive study. This procedure is 
based upon a minimum energy princ;:iple and the variational calculus . 
The problem treated is the axial elastic slump of a case bonded gra in 
with free ends. 
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A. Example of Viscoelastic Pressure Stresses 
Consider an infinitely long cylindrical hollow grain enclosed 
by an elastic case. The elastic solution for an incompressible propel-
lant ( V = 1 I 2) and a thin case under internal pressure in plane strain 
. * lS 
(3/z) hEc 
1- 1-V-z. bS 
hEc 
pE 
(A-I) 
(A-2) 
(A-3) 
Consi der the Voigt model representation with isotropic material 
constants of a viscoelastic beh avior which evinces a time lag in shear 
L· . = Y( d ft.j + A r: . ~J d t "J ( ~~ j) (A-4) 
In operational (Laplace) form with zero initial conditions, 
* 
(A-5) 
Note that for an infinite!~ rigid case (hEc/bE)- oo and Or= 09 = O'z =-pi., 
or hydrostatic compress1on, consequently Er= Ge = Ea = 0 
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As from incompressible elasticity theory 
(A-6) 
Comparing equati'ons (A-5) and (A-6), w e see the equivalent modulus 
becomes: 
f= (p)-- 3 ( )( P+...M) (A-7) 
This substitution for E is made into any of the initial equations to 
obtain the operational (viscoela stic) form for the respective stresses . 
Hence in (A-1, 2) 
-pL (p) (A-8) 
where upper sign applies for c5r , and the lower for O'e 
Approximating an i gniter shock by assuming that the input 
pressure h a s an initially steep linear rise with time to t 1 followed by 
a constant pressure, one h a s 
(A-9) 
First, for 0 ~ t <. t 1, 
(A-1 0) 
where 
a= 0 
I 
ol..=--;z:= 
7 
(A-ll) 
The Laplace inversion of (A-1 0) gives the time dependent physical 
stresses up to t 1: 
(A-12) 
and similarly fort~ t 1 (including "initial" condition a t t 1): 
(A-13) 
The strains and strain-rates are found from the stress-strain relation-
ships: 
(A -14) 
(plain strain) 
then 
(A-15) 
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using equations (A-12} and (A-13}. T h e hoop strain on the inner surface 
for 0 ~ t < t 1 becomes: 
and the strain-rate is simply th e time derivative of (A-16}. Fort~ t 1: 
and again the strain-rate is simply the time derivative of (A-1 7). 
Representative curves are shown in Fig . A-1 for a rise time of one-
tenth of a second and an effective modulus of 104psi. 
1 .hEc::. 
Ec. = --,..------
2( t- :Vc:-) b }( 
(A-17) 
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B. Example of Viscoelastic Thermal Stresses 
Consider again the same cylindrical hollow grain with an elastic 
caseo The elastic solution for the same u niform temperature rise of 
both the incompressible propellant and the thin case in plane strain is: 
(B-1) 
(B-2) 
(B-3) 
where 
I 
"P= (B-4) 
Consider t :1is time a Max'l.vell model repre sentation of visco-
elastic shear behavior: 
( l,:\::j) (B-5) 
In operational (Laplace) form: 
(B -6) 
From incompressible elasticity theory: 
(B-7) 
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By comparing equations (B-6) and (B-7), we see the equivalent modulus 
becomes in this case 
E.(p)-+- (B-8) 
This substitution for E( p ) is made in equation (B -4) to obtain t h e 
operational (viscoelastic) form for the bond pressure. (The coefficients 
of linear expansion are assumed independent of these.) 
(B-9) 
Consider, as a simple temperature variation, a slow linear 
rise in temperature (somewhat compatible Y.rith the uniform temperature 
assumption) : 
T= ..Wt; 
Substitution into (B-9) gives 
T(P)=.3_ 
P' 
"f>'(P) = P(P+ ~1 
where 
I 
--r= 
(B-1 OJ 
(B- 11) 
(B -1 2) 
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The Laplace inversion of (B-11) gives a gain the simple lag function 
(B -13) 
From the initial equations : 
6 (t) =-r- (B-14} 
(B - 1 5} 
(B-16} 
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C. Example of Viscoelastic Behavior under Gravity 
Consider a long hollow cylindrical grain supported by an elas -
tically thick (rigid) case in an upright position. Neglecting end effects 
(or equivalently stated as an infinitely long cylinder) we h ave t he grain 
subjected solely to one shear stress due to its own weight of: 
(C-1) 
and a corresponding displacement (zero at case) of 
(C-2) 
Introducing now a more sophisticated three-element vi scoelastic 
model such that 
where 
1:.-r =- I( 2 = time constant for constant strain 
..N{z. 
L?:. = Y(Z~z. + ~~) = time constant for constant stress 
(C- 3) 
Assuming an incompressible propellant ( 1) = 1/2), the equivalent 
viscoelastic shear modulus becomes : 
A- Y?z. (A, +..~-<z) P + ..M, ,.t-{z 
'?zP+Az 
(C -4) 
Substitution of equation (C-4) into equation (C-2), and considerin g a 
step input in gravity load, such a s perhaps being suddenly uprighted, 
or 
where 
Ao l 
-=~ ){z. r 
_I_= A,Az. 
'2:'t. )(z. (A'1+Az) 
14 
The Laplace inversion gives for the axial slump, 
1+(~)-(~e-f?; 
I + (~~j 
(C-5) 
(C-6) 
(C-7) 
(C-8) 
where it may be noted that for long time, the elastic situation is 
approached, and depends only upon the static material modulus .,),(1 
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D. Stressed Grain Analysis 
>): 
The end-bonded (axially-stressed) elastic solutions presented 
in section II(Z) for pressure and temperature loading have some 
immediate applications aside from viscoelastic analyses. One is the 
estimation of bond stresses both along the cylindrical case and at the 
ends due to thermal shrinkage in cooling. Another interesting possi-
bility is in the application of higher modulus propellants which w ould 
share the loads with the case. This requires a regressive pressure-
time program for minimum case weight, allowing the case and 
propellant to share load initially and w ith the case alone at the end of 
burning. An increase in initial-to-final pressure ratio is possible 
through combining changes in grain geometry, various burning rates, 
higher pressure -area exponent n, erosive burning of the grain, and 
possibly nozzle throat erosion too. This means the case thickness 
can be reduced accordingly. 
Figures D-1, 2, and 3 present the inner surface stresses and 
strains due to internal pressure for various w eb thicknesses (cylin-
drical grains ) and case-to-propellant modulus ratios. The parameter 
£(.. is a natural quantity arising from the analysis which relates the 
case modulus to propellant modulus weighted by their cross-sectional 
areas: 
S= c;. 21fbhEc (D-1) 
Present day motor designs result in values for 6.::. of the order of a 
thousand or greater. Smaller values of ec. are equivalent to thinner 
cases, lower modulus cases, or higher modulus propellants. 
* The autho r is indebted to J. I. Shafer for suggesting this investigation. 
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E. Composite Hollow Cylinder of K Layers under Internal Pressure 
Inasmuch as it is often of interest to analyze a multi-layered 
concentric geometric, and hence be able to study the inclusion of a 
liner between the grain and case, or a radial incrementally cast grain, 
some elastic analyses pertaining to this case are summarized*. 
Consider the n th layer of a long right circular cylinder where 
we let rn denote inner radius, pn pressure at rn, rn + 1 denote outer 
radius, pn + 1 pressure at rn + 1• 
For plane stress the general solution of the displacement equilibrium 
equation is 
U.n( r) 
-
Anr+ ~ (E-1) 1'""' 
where 
* 
1-'V., R 'Z. '2. An= n 'Y"n - Pn.,..l 1..,-t-, 
En r,.."""-+, - r-.,'2. 
(E-2) 
Sn= I -t-.Yn r-; ro~, ~p.,- ?MIJ 
En 
-r: .... ,- fn'Z. 
Contributed by Pro£. K. S. Fister (University of California) from a 
more comprehensive investigation currently under study. 
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The k-1 continuity conditions at the internal boundaries together with 
the stress boundary conditions at the external boundaries are sufficient 
to determine the constants An, Bn for each cylinder in a given case (or 
alternatively, the internal boundary pressures) o T he continuity condi-
tions are of the type 
Y\=1 2 ····*-1 
' ' ' 
(E-3) 
Combining equations (E-1), (E-2) and substituting in (E-3) leads to the 
result: 
L nPn + Mn Pn-+-1 + Nn Pn-t-2.= 0 ' n= I, 2, .. ··, ~-( (E-4) 
where 
Nn= 
To determine stresses and/or displacements in the "n" th layer, obtain 
P n' P n + 1 from the solution of equation (E-4) and use in conventional 
cylinder equations, setting P. = P and P = P + 1 . For plane strain 2 1 n o n 
replace E by E I 1 - -J) and -J) by 1) /1 - J) • 
n n n n n n 
Example: Internal pressure in three-layer cylinder 
External body conditions 
Setting n = 1, 2 in equation (E-4) gives (using above conditions) 
L, "'P~ + 1'-11 P2. + N 1 P 3 = 0 
Lz.P:z. + Mz "P3 = 0 
• 
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whose solution is 
' 
L, M, N can be evaluated from equation (E-5). 
Pressures Pi' P 2, P 3 can be used in equations g iven in progress 
report 1 for the determination of stresses and displacements in the 
layers of the cylinder. In view of the cumbersome algebra involved, 
results will be given explicitly only for the instance in which the outer 
two layers are thin. 
Thin Liner and Thin Cas e 
~<<I b J ~c <<I 
p' = interface pressure at 
Plane Strain 
p'= 2P~(1-Ji) (A.-z.- 1) 
1 Stresses } in cylinder, s ame as P - 12, P-14 in Ref. 1, using Strains 
above value of P 1• 
Stre ss in case: Stress in liner: 
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Discussion of Results : A s can be seen from the expression for P on 
the previous page, the presence of t h e liner does not affect the stress 
distribution in the grain, since the dominating term h E / bE causes 
c c 
the fraction (7\.2 - 1)/ [><:) to v anish for typical geometry and materials. 
Accordingly, the liner is of no significance pressurewise, as l ong a s 
the ratio h E /bE remains large, a s it w ill for metal cases. In the 
c c 
event that non-metal cases wit h s i gnificantly lower moduli are used, or 
if grain stiffness w ere increased, the liner could become important in 
determining stress distribution due to pres sure. 
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F. · Displacements in a Rotating Hollow Cylinder under Internal 
* Pressure and Axial Acceleration 
Summary 
This paper presents an approximate solution for the displace-
ments in the elastic range of a right circular cylinder, spinning about 
its axis of symmetry, subjected to internal pressure and axial acceler-
ation. The solution is obtained by the method of restricted variation, 
making use of the potential energy theorem. 
An attempt( 9 ) was made to use the Lagrange multiplier method 
to obtain zero integrated stresses on the interior cylindrical surface, 
without guarantee for the increase or decrease of the potential energy. 
For the case of axial acceleration loading, however, it is found that the 
use of the multiplier method leads to a poorer solution at the cost of 
satisfying one boundary condition (The multiplier method yields the 
solution of the infinitely long cylinder( 2). ). 
Because of the complexity of the problem, only the axial accel-
eration load is considered in detail, and graphical information given 
for a radius ratio of 1/2, a length to outer diameter ratio of 1. 25, and 
Poisson's ratio of -1) = 0 . For very long cylinders it is shown that 
the effect of finite length is localized at the ends of the cylinder. 
The elastic solution does not exhibit the undesirable constriction 
at the aft end of the port opening; it is found that this opening widens 
under acceleration. However, if the aft end is ri gidly supported, pre-
venting any displacement of the surface, it is expected that a constriction 
occurs near the aft end. Whereas the support at th e aft end may cause 
excessive port narrowing, removal of the support v.till allow the cylinder 
to tear, due to excessive stresses; therefore an elastic support seems 
to be a good compromise. 
This presentation is an abbreviated form of Referenc e 9. 
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Notation 
u,r 
r a t z 1:= t = b X = b; = b b 
j = axial body force 
n = radial body force 
= spin velocity 
p = pressure 
= shear modulus 
= Lame constant 
= Pois son 1 s ratio 
?3' l.9z = first and second strain invariants 
Solution of the P roblem 
The Potential Energy: In the absence of temperature effects, the 
potential energy is defined a s 
U= Ws- W"F (F -1) 
25 
Ws = + ~ { (~ + 2.A-<) 1J~- 4~19z}d(vo~) (F-2) 
VOL. 
~ = ~ { 't u.r + n u. + u. (a) PCi!)~ d(YoL.) (F-3} 
VOl-
If product type functions are assumed for both u and w , i.e . 
one finds for the potential energy 
~ 
';; = ~{ k•;t+ L1, + M t'''_,. N•(+ P'j'f + Q-af~sf + ~'i\-}P'3 }d.: (F-6) 
-~ 
The constants 
kLM --~--J (F-6a) 
are given in the appendixo 
The Differential Equations: P erforming t h e variation on U and upon 
setting the variation equal to zero, one obtains the following relation-
ships, if M , N ~ 0 
Q.-Pr' (fJ) 
- 2N "J + ZN 
j" _ L f = P- Q '}' + S 
M 2M 2M 
E= ± Q... 
(F-7) 
(F- 8 } 
(F-9} 
26 
Upon defining the operator 
it is found that 
Solutions : 
where 
1! =-
L® 
2MN 
KS 
2MN 
cl., 2. -
I 
( P-Q) >..,,, 
M A. .. 1,z -L 
and the solution of 
(F -1 0) 
(F -11 ) 
(F-12) 
(F -13) 
(F -14) 
(F-15) 
The boundary conditions (9) and (10) yield the constants a 1, a 2 , a 3, and 
a4 as defined in the appendix. 
The Displacement Functions : R 1 is determined from the radial displace-
ment in an infinitely long cylinder, spinning about its axis and v interval 
pressure : 
(F-16) 
·-
where if 
27 
xz l 
1-1) J 
p~o 
p=s.O 
(F-16a) 
(F -16b) 
arising from the normalization with respect to the pressure. The 
infinite c ylinder under axial acceleration yields 
(F-17) 
hence 
The Special Case p = W = 0: Even though, in this case, the radial 
variation R 1 w ould be zero, it is felt that the radial d isplacement 
attenuates to zero in a fashion similar to the law 
At least this function has a sounder physical basis than a simple para-
bolic law, hence 
(F -1 8) 
(F-19) 
Numerical Re s ults: Numerical calculations for the configuration 
x = l/2 J) = 0 L!b = l. 25 (see Figures F-1 and 2) show that 
the maximal radial displacement is of the order of 6 ° /o of the maximal 
axial displacement UJ (x). The maximum axial displacement deviates 
28 
0. 1 °/ o from that of the infinite case near the ends. The maximal 
radial displacement varies by about 4 °/o as l/b varies from 1. 25 
to oo (see Figure F-2). T h e calculations also show that the choice 
of R 1 is unfortunate inasmuch as the e igenvalues become purely 
imaginary if x < O. 7 and 1) are above some (not determined) value 
(possibly. 35). 
Appendix 
rp z. 2. ~ =) 4}-{ b t:2t sd ~ 
"' 
Q = ):2/\.b~~· + ~~"'· ~d 5 
a =-2)~'12C~)R, Sd S 
~ 
ps 
F = 2L. 
1-1 C\z= -- • ~z ' 
p 
p = ( 8~ bR1 c:l"Rz sd ~ J d~ 
0.. 
b 
S = - 2 ~ ¥ b 2 R 2 ~d ~ 
G\ 
- G:i3 CA3=F~ 
'H= Q8 
2K" 
Gi1 = F; Cosh.>-.1.{) + Fz~3 Cosh A:L .Q_ 
~2= H Cosh~,Q-+ 1-lz~ Cosh ..\2. Q 
H• 5\nh..>-.,Q.. 
~:s=- H
2 
sin~>._._ R: 
'Sihh.A& 
Sihh )\4Q 
H 1,z = 2 McX,,z + Q 
F 1,2 = 21--J >-...I,Z + pIX,, 2.. 
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I 
ct. 
HOl.l.OW CYLJ~D.ER D.Et'ORMATION 
a/bRATIC 0.5 V= 0.0 
2e/b RATIO ~.5 b = 20 I~ 
SCALE : 1:10 (RADIAL DIS1>l..ACI:MEt-JT 1:5) 
FIGURE F-1 
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V. F AlLURE CRITERIA 
Introduction 
The viscoelastic analysis techniques provide a means of deter-
mining stress and strain, however a strength analysis is based, in 
addition, upon a criterion of failure. Unfortunately, failure criteria 
for solid propellant grains are in a very confused state and have been 
too confined to uniaxial testing. On the one hand, grain materials must 
withstand high short-time loads in contoured shapes, but not slump 
after long times. The first condition appears more as a stress depen-
dency, whereas the second is a deformation dependency. In addition, 
it is not certain whether propellants fracture microscopically in shear 
or in normal tension; this being dependent upon the granular nature of 
the propellant. Double bases are more homogeneous and sensitive to 
plas tisol content, whereas composites are highly sensitive to oxidizer 
content, fue! - to - '):Yidi z er binding strength, particle size and shape . 
Conse quently, it is r..ot yet certain as to the extent to which principle 
stress, strain, strain -rate, octahedral shear stress, shear strain, 
shear strain-rate, or strain energy enter t h e failure criterion. 
Fortunately, Smith(lO, ll, 12) h a s presented data which indi-
cates a possible correlation between strain and strain-rate ·with the 
temperature compensation effect included. Figure 2 taken from Ref. 10 
is typical and is based on uniaxial, constant strain- rate data for GR-S 
rubber. aT is the temperature shift factor developed from t '1.e wo rk of 
Williams, Landel, and Ferry( 13). 
( 1) 
where T is a reference temperature about 40°C above the glassy 
s 
modulus temperature. It is interesting to note that th e K 1 and K 2 con-
stants are nearly universal for different polymers with the suitable 
glassy (or reference) temperatures given. 
Since the Smith tests we re conducted for uniaxial tension and a 
constant strain- rate, it needs to be extended to propellants under more 
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general loading conditions . Different propellants have different physical 
properties which means testing of each separately to establish the 
existence of its corresponding Smith curve . In general, propellants 
may be expected to have more scatter i n thei r frac turing results and 
may not superimpose as w ell upon shifting b y the factor aT. T hi s intro-
duces a need for a statistical measure or probability of failure, however 
differences in d e pendence on temperature can be retained (i.e., there 
is no a priori need to obtain a single curve as Smith did with polymers). 
Biaxial and triaxial te sts are requi red to obtain more realistic 
fracture behavior as it actually appears i n a rocket desi gn under load. 
Torsion of a hollow 'tub e(l 4 ) i s a special biaxial test not too di fficult to 
perform; the results of whi ch can be compared di r ectly v;ith companion 
uniaxial test s which are at comparable strain-rates and temperatures. 
Several w ords of caution are given re garding t h ese tests. Local st rai n 
measurements are most useful, alth ough most tensile tests are conducted 
by measuring force versus crosshead displacement. An e ffective g a g e 
length must therefore be determined whic h is considerably longer, par-
ticularly in tension, t h an the physical g a ge length due to the tendency for 
the sample to creep through the g rips . T h e increasing in effective g a g e 
length can be determined th r ough a series of preliminary tests a s a 
function of strain, strain-ra te, and temperature by photographing 
incribed g rids , dots or circles or by resistance measu rements of lightly 
attached contacts. T h en the main tests can have effective g a ge lengths 
attributed to them from c h arts made from the preliminary g a g e length 
tests. 
An interesting series of t e sts are being initiated i n whi ch shear 
modulus and normal strai n ratios are determined from tensile tests( 15• 
16, 1 7) T his inv o lves the photog raphy of g r i ds (dots and circles) to 
obtain both local axial elong ation and local normal contraction. T his does 
point out another problem; that of de t ermining whe re and to what extent 
the specimen h as necked down a s failure is approached (true stress is 
based upon actual cross- section). In a similar w ay, t h e strain (and 
strain- rate) will vary over the length of the specimen, and these need to 
be known for development of a Smith curve. This problem of localized 
behavior is s omewhat minimized ( and compens ated by using a known 
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effective gage length) if strain at maximum stress is used rather than 
strain at breako After all, in a practical design, if this stress level 
is reached, then failure is bound to followo 
A series of tests carried out in conjunction with theoretical 
analysis for triaxial stress state in a thick w alled cylinder bonded in 
a thin case will approach more closely the real rocket failure problem 
than simple tensile testingo T hi s geometry is particularly favorable 
to analysis, both for internal pressurization and for thermal c y clingo 
Some elastic solutions are indicated in the first two progress reports, 
and their extension to viscoelastic propellants is demonstrated by the 
examples in the previous sectiono The thermal problem is particularly 
simple if the ends are insulated a g ainst heat flo w, since there is only 
one equation of equilibrium connecting the t w o unknown radial and tan-
gential stresse So The second relation betw een these t w o quantities 
would be the failure criterion. Experiments might then be performed 
upon the cylinders at different temperatures and rates and compared 
with various failure hypotheses such as the modified Smith curve. 
Wise( IS) has started along these lines by exploring the normal strain 
hypothesis for one material and finds a g reement with test data in the 
low temperature elastic range, but an inv estigation a t the higher tem-
peratures w ould be most de sir able, particularly with a non- ri gid case 
and non-bonded ends. This simple g eometry can be extendec to star 
configurations through the use of concentration factors under internal 
pressure presented by Ordahl and Williams( 19) and under thermal 
stresses by Williams(ZO). 
Cumulative Damage Concept 
In any practical solid rocket design, account must be taken of 
the inter-related effects of the components and their environmentso 
The effect of the case on the g rain, as demonstrated in section IV, is 
an example of this system design p hilosophyo In regard to th e grain, 
the possibility of it cracking is dependent both upon its past environ-
mental history and to the loading effects from adjacent "componentso" 
Therefore, it is required to solve the time and space dependent equa-
tions expressing the loading historyo These viscoelastic solutions then 
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produce the past histories of the localized regions of concern. In 
general, the localized rates of loading vary to a considerable extent, 
and hence w e do not have a situation whi ch matches the Smith failure 
curve which was developed at a number of different constant strain-
rates. This gives r ise to a need for a cumulative damage concept 
that will permit flexibility in the strain-rate. 
Miner( 2 l ) verified the use of cumulative damage for .aluminum 
in the S-N fatigue tests. The concept w a s simply to add together the 
relative percentages of damage at each stress level (based on total 
number of cycles to damag e at each stress l evel) until a hundred per 
cent damage was attained. Others( 22) h ave extended this concept to 
other metals and loading conditions in a more general (non-linear) 
way. 
To reiterate by means of a specific illustration, if often happens 
that the usual fatigue criteria for metals of N cycles at a stress cr * 
(Figure 1) is inappropriate. The usual reason is that in many applica-
tions one is concerned with a loading spectrum whi ch is not constant. 
Hence while one may expect one million cycles before failure at say 
50, 000 psi stress, suppose the applied stress is halved to 25, 000 psi 
after only a h alf million cycles. The natural question then arises -
how many more cycles will the specimen withstand before failure? The 
usual approach has been to consider the problem from the standpoint 
of a cumulative damage. In the foregoing example one w ould say h alf 
1 
the "life", say -z N 50, 000, had been used up when the stress w as 
reduced. T he specimen w ould then be expected to withstand h alf the 
life, i.e. ..} N 25 000, at the reduced stress. The total life for this 
, l 
particular a ssumed spectrum w ould the refore be 7 (N 50, OOO + N 25, 000). 
The general formulation for ·a spectrum of M loadings (J . , 
1 
(i = 1, 2, 3 •.•• M), is 
t ( ~~r · 
i.:. l 
where the life L : f:.. 
i-::1. 
N .• 
1 
1 
N. is the number of cycles at the 
1 
( 2) 
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stress fr 0, an d N R is the number of cycles to rupture a t the stress 
1 i 
o- i' In the simple example c hosen, a linear cumulative damage la\v 
w as a ssumed; h e nce n = 1. 
Based upon the p receding concept, it is proposed to inqui re 
whether or not some simila r law might be postula ted for polymers, 
who s e time dependence analogously to c ycle s is a ssociated with stra in 
rate. Smith h a s found a correlation b etween ultimate strain and strain 
rate, with temperature a s a paramete r (Finure 2), for spec ime ns 
tested in uniaxial tensio n a t a const a nt strain r a t e . For practical appli -
cations now, the strain rate is h ardly ever constant during a t est, 
particularly if th• applied load or pre ssure is c hanging. It would 
therefore be desirable to be abl e t o as socia te the failure of specimens 
subjected to. a varying stra in rate to tha t at constant rate for which d a t a, 
e. g. a Smith c urve, h as been obtained. 
Su ppose now that constant temperature conditions a re a ssumed 
for simplicity, a nd w rite 
with t -t. ( 3) 
where to and tRO are the time the specimen is held a t the strain r a te 
, 1 1 • 
e o and the time to f a ilure at E. o respectively. T is the tota l time 
1 1 . • 
to rup ture for the spectrum of strain r a tes E 0 (i = 1, 2, 3 •.• • M) . 
1 
Passing no"-" to an inte gral form of the linear cumulative failure l a w , 
..,. I. 
.L ( 4) 
f r om whic h T 1s t o be determined for a specified s pectrum t( E ) a n d 
Smith curve tR( ~ ). 
A s a practical matte r, it is often inconvenient to work with the 
times them selve s. Actually, give n 
E ~ e (x: _ t) 
. ) ( 5) 
36 
from an analytical viscoelastic strain analysis, then by differentiation 
(6) 
or inverting 
( 7) 
alternate forms are possible. For the constant strain rate failure data 
• (Figure 2), € R = € tR, so that 
(8) 
where an analytical representation of Figure 2, tR = tR( ~ ), is 
required if numerical integration is to be avoided. The alternate 
scheme in (4) is to replace dt by (8t / 8 6 )8 ~ and work completely in 
the rate space. 
As an example to illustrate the mech anics of applying the postu-
late, assu me to simplify the calculations that the actu a l strain response 
of the particular geometry under study is simple creep (Figure 3), viz 
( 9) 
where E
0 
is the initial strain. From (9) however the strain rate, by 
differentiation following (6), is 
( l 0) 
• 
where €
0 
is the initial strain rate. Now by (7) one h as 
' . 
t ~ 't: I og ( ; ) ( 11) 
and 
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where fo r physical significance in the approxima tion 
of course. 
Di s cus sion 
While certain liberties h ave been take n in approxima ting the 
failure data in order to demonstrate the mea ns of carrying through the 
estimate of failure time, the steps are believed to affect the r e sults in 
degree, not in principle. Indeed , given a n actual viscoelasti<;: stra in 
analysis, the failure hypothe sis c ould be tested by numeric a lly integra-
ting (4) using the actua l Smith type data for the particular m a t eri al 
invol ved. 
T h ere are, howe ver, still fundamenta l points to be r esolved : 
first, the form of the cumula tive damag e c riterion, a nd second, its 
pertinence to combined, r a the r than solely uniaxial tensile , strain fields. 
With r egard t o t h e first, one might postula t e an averag e value of 
t( 6 ) / tR ( € ) over the strain r a te range f
0 
to ~ equaling unity. 
Also S . R. Valluri has suggested a cumula tive ene rgy corre l ation 
based upon integra tions of 8/ at<{ 6 2), ina smuch a s he observes the 
• Smith data stra ightens out quite well on log-log paper when E € is 
plotted versus tR. 
In any event, should subsequ ent experiments establish tha t some 
sort of cumulative damag e hypothesis h a s qualita tive merit in simple 
examples, it would then be appropriate to attempt refinements in the 
form of non-linea r cumulation, variable tempera ture situa tions , a nd 
c ombined stress or stra in fields. 
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€: ( 12) 
Turnin g noYJ to the Smith curve, but replotting the data (Figure 
4) in the form tR = tR ( E: ) w here the ultimate strains ~R are indicated 
by hushmarks on the curve, one proceeds to curve fit t h e data. For 
illustrative purposes it is sufficient to approximate the actual S m ith 
curve by the dashed line 
o.2 
T ( 13) 
This form incidentally may be recognized as approximating the actual 
failure data by a constant rather than rate dependent ultimate strain --
* in this case GR = 0. 2. 
With the assumed viscoelastic analys is yielding (11) and ( 12), 
and ·with an approximate failure threshhold g iven by ( 13), t h e cumulative 
damag e postulation gives simply 
f(T) • HT) 
1 ~ / t:lll 
€0 
and hence 
€:o - E c-r) (14) 
so that failure would be anticipated ·when the initial strain rate Eo=. E,jr; 
* is reduced by the amount e R/ 'r For a 't , the characteristic 
* relaxation time, of say 1 second and e R = 0. 2, failure should occur 
when the initial strain rate is reduced by 0 . 2 in/in/ sec. 
The life i s then found to be proportional to the relaxation time, 
viz 
T-= t lo~ ( I ( 15) 
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